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$E$ $k$ $0$ $E$ $k$ $C=E\backslash \{O\}$
$c$ $l$ Galois
(0.0.1) $\varphi_{C}$ : $G_{k}=Ga1(\overline{k}/k)arrow Out\pi_{1}^{(l)}(C\otimes\overline{k})$
$\pi_{1}^{(l)}(C\otimes\overline{k})$ filtration $G_{k}$ filtration $\{G_{k}(m)\}_{m>0}$
( $k$ $k=k(0)\subset k(1)\subset k(2)\subset\cdots$ )
















1.1. $k,$ $E,$ $O,$ $C$ $\overline{C}=C\otimes_{k}\overline{k}$ $l$ $\pi_{1}=\pi_{1}^{(l)}(\overline{C})$
2 $l$ $\Pi$
(1.1.1) $\Pi=\Pi_{1,1}=(x,$ $y,$ $z|z=[x,y]\rangle_{pro- l}$
$O$ $z$ –
–
(1.1.2) $\tilde{\Gamma}_{1,1}=\{\sigma\in Aut\Pi_{1,1}|\sigma(z)\sim z^{\alpha}, \alpha\in Z_{l}^{x}\}$
$(1.1.3)$ $\Gamma_{1,1}^{*}=\{\sigma\in\tilde{\Gamma}_{1,1}|\sigma(z)=z^{\alpha}, \alpha\in Z_{l}^{x}\}$
(1.1.4) $\Gamma_{1,1}=\tilde{\Gamma}_{1,1}/Int\Pi_{1,1}\subset Out\Pi_{1,1}$
( $\sim$ $\Pi$ ) $\Gamma_{1,1}$ $\Gamma_{1,1}^{*}/\langle Int(z)\rangle$ (
1,1 )
1.2. $\Pi_{1,1}$ $f_{1}1trati\circ n$ $\{\Pi(m)\}_{m\geq 1}$ :
(1.2.1) $\Pi(1)=$
$\Pi(nr$. $+1)=\overline{[\Pi,\Pi(m)]}$ $(m\geq 1)$
( $f_{1}1tra.ti\circ n$ – $[AK][K][NT]$ )
(1.2.2)
$Gr\Pi=\bigoplus_{m\geq 1}gr^{m_{\Pi=\bigoplus_{m\geq 1}\Pi(m)/\Pi(m+1)}}$
$m\geq 1$ $gr^{m}\Pi$ $Z_{l}$ ‘ $Gr\Pi$ $X=x$ mod
$\Pi(2),$ $Y=ym\circ d\Pi(2)$ Lie $\tilde{\omega}(X)$
$=\tilde{\omega}(Y)=1$ – 1
$GL(2)=GL(2, Z_{l})$




( $\sim m$ $\Pi(m)$ )
$f_{1}1trati\circ n$
$\{\tilde{\Gamma}(m)\}_{m\geq 1},$ $\{\Gamma^{*}(m)\}_{m\geq 1},$ $\{\Gamma(m)\}_{m\geq 1}$









Lie $[, ]$ Lie
([NT] Corollary(1.16) ) $m\leq 3$ $gr^{2}\tilde{\Gamma}=gr^{2}\Gamma^{*}\simeq z_{\iota}$
(Int $(z)$ ) $0$ $m\geq 4$ $gr^{m}\Gamma\simeq gr^{m}\Gamma^{*}$
$\Gamma^{*}$ $Gr\Gamma^{*}$ $GL(2, Z_{l})$
1.4. $\tilde{\Gamma}$ $\Pi$ $Gr\Pi$ derivation $Gr\tilde{\Gamma}$ $\sigma\in$
$gr^{m}\tilde{\Gamma}$ $Gr\Pi$ derivation $D_{\sigma}$
(1.4.1) $D_{\sigma}$ : $\{$
$X$ $\mapsto\overline{\sigma}(x)_{X^{-1}}mod \Pi(m+2)$
$Y$ $-\overline{\sigma}(y)y^{-1}mod \Pi(m+2)$
( $\overline{\sigma}\in\tilde{\Gamma}(m)$ $\sigma$ ) well-defined $\sigmarightarrow D_{\sigma}$ Lie
(1.4.2) $Gr\tilde{\Gamma}rightarrow DerGr\Pi$
$DerGr\Pi$ $Gr\Pi$ (\S 2) $Gr\tilde{\Gamma}$
(1.4.3) $Der^{b}Gr\Pi=\{D\in DerGr\Pi|D([X, Y])=[T, [X, Y]](\exists T\in Gr\Pi)\}$
– $Gr\Gamma^{*}$
(1.4.4) $Der^{x}Gr\Pi=\{D\in Der^{b}Gr\Pi|D([X, Y])=0\}$
$Gr\Pi$ $Der^{*Gr}\Pi$ $GL(2)$
(1.4.2) $GL(2)-$ $gr^{m}\Gamma^{*}$ $GL(2)-$
$m-2$ 1 $H_{m}$
1.5. $C$ $l$ Galois
(1.5.1) $\varphi c$ : $Ga1(\overline{k}/k)arrow O_{\mathfrak{U}}t\Pi$
$O$ $\langle z\rangle$ $\Gamma$
filtration $7n$
(1.5.2) $\varphi_{C}(m)$ : $Ga1(\overline{k}/k)arrow\Gamma/\Gamma(m)$
$k(m)$ $\{k(m)=k_{c}(m)\}_{m\geq}0$
(1.5.3) $Ga1(\overline{k^{\wedge}}/k(m))=I\{er\varphi_{C}(m)$ $(m\geq 1)$
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$m\leq 3$ $gr^{m}\Gamma=0$ $k(1)=k(2)=k(3)=$
k(4) $m$ $\mathcal{G}^{(m)}=0_{\text{ }}$ $k(m)=k(m+1)([N]$ Proposition
4.2) $m\geq 4$ $gr^{m}\Gamma$ $gr^{m}\Gamma^{*}$ – (14.2)
(1.5.6) $\varphi_{\mathcal{G}}$ : $\mathcal{G}arrow Der^{*Gr}\Pi$
Galois $\varphi c$ Lie
1.6. $\varphi c$ $\varphi_{\mathcal{G}}$ [N] $k$
$E$ $\mathcal{G}\neq 0$ $\Pi$ meta-abel
$\Pi/\Pi’’(\Pi’’=[[\Pi, \Pi], [\Pi, \Pi]])$
(1.6.1)
$\Psi^{*}=$ { $f\in$ Aut $\Pi/\Pi’’|f(\overline{z})=\overline{z}^{\alpha},$ $\alpha\in Z_{l}^{x}$ }
$(1\cdot.6.2)$
$\Psi^{*}(m)=$ { $f\in\Psi^{*}|f$ $\Pi/\Pi(m+1)\Pi^{u}$ } $(m\geq 1)$
$\Piarrow\Pi/\Pi’’$







( $Gr\Psi^{*}$ Lie ) $gr^{m}\Gamma^{*}$ $gr^{m}\Psi^{*}$
$GL(2, Z_{l})$ $gr^{m}\gamma$ $GL(2, Z_{l})-$
$gr^{m}\gamma$ $gr^{m}\Gamma^{*}$ $GL(2, Z_{l})$ $H_{m}$ –
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1.7. (1.5.1) (1.6.3) Galois
(1.7.1) $\psi=\gamma 0\varphi_{C}^{(l)}$ : $Ga1(\overline{k}/k)arrow\Psi^{*}/\langle Int(\overline{z}))$
Lie
(1.7.2) $Gr\psi$ : $\mathcal{G}arrow Gr\Psi^{*}$
(1 .5.5) (1.6.4) [N]
1.8 ([N] Corollary$(4.15)$ ). For any elliptic curve $E$ over a number
field $k$ , there is an integer $N$ such that for every $m\equiv 2mod (l-1)l^{N-1}$ with
$m>2+(l-1)l^{N-1}$ ,
$gr^{m}\varphi$ : $\mathcal{G}^{(m)_{c}}arrow gr^{m}\Gamma$
givae a nontrivial homomorphism. $\square$
$\psi$ (loc.cit. Corollary (4.12)) $\theta$
Kummer $m$
$gr^{m}\psi$ $\tau_{m}\in \mathcal{G}^{(m)}$ $gr^{m}\psi$
1
. $E$ $k$ $m_{|(i}=1,$ $\ldots$ $k$ ) 18
$7n_{k-1}\neq m_{k}$
$[\tau_{m_{1}}, [\tau_{m_{2}}, [\cdots[\tau_{m_{k-1}},\tau_{m_{k}}]\cdots]]]\neq 0$
.\supset $\square$
1.9. $\tau_{m}$ $Gr\Pi$ derivation $0$
$(gr^{m}\psi)(\tau_{m})\neq 0$ $(gr^{m}\varphi)(\tau_{m})\in gr^{m}\Gamma^{*}$ $H_{m}$
$0$ $GL(2)$
$derivati\circ nD_{m}\in Der^{*Gr}\Pi$
Lie $[D_{m_{1}} , [D_{m_{2}}, [\cdots [D_{m_{k-1}}, D_{m_{k}}]\cdots]]]\neq 0$
(1.9.1) $D_{m}$ : $\{$
$X$ $\mapsto(AdX)^{m}Y$
$Y$ $\mapsto\sum_{r=0}^{\frac{m}{2}-1}(-1)^{r}[(AdX)^{r}Y(AdX)^{m-1-r}Y]$










2.1. $S$ ( $\# S=\infty$ )
$C$
(1) $X\in s\Rightarrow X\in C$
(2) $C,$ $C’\in C\Rightarrow[C, C’]\in C$
2.2. $A$ $\omega$ : $Carrow A$ ( )
(1) $X\in S$ $\omega(X)>0$
(2) $C,$ $C’\in C$ $\omega([C, C’])=\omega(C)+\omega(C’)$
$\omega$ $S$ $C\in C$ $\omega(C)>0$
$\omega(C)$ $C$ $\omega$ 1




(1) $\omega(X)=\omega(C)$ $X\in S,C\in C\backslash S\Rightarrow X<C$
(2) $\omega(C)=\omega(C’)$ $C=[C_{1}, C_{2}],C’=[C_{1}’, C_{2}’],$ $C_{1}<C_{1}’\Rightarrow C<C’$
\mbox{\boldmath $\omega$}( $S$ $<$ )
2.4. (lIall ) $B$
(1) $X\in S\Rightarrow X\in \mathcal{B}$
(2) $C,$ $C’\in B,$ $C<C’$
(a) $C’\in S\Rightarrow[C, C’]\in B$
(b) $C’=$ [$C_{1}$ , C2]( $C_{1},$ $C_{2}\in B,$ $C_{1}<C_{2}$ ), $C\geq C_{1}$
$\Rightarrow[C, C’]=[C, [C_{1}, C_{2}]]\in B$
2.5. $R$ $S$ Lie $\mathcal{L}$
I $\mathcal{L}$ Lie $C$ $\mathcal{L}^{r}$
$\mathcal{L}$ R- $C$ M.Hall
2.6. $S,C,$ $A,$ $\omega,$ $<,$ $B,$ $R,$ $\mathcal{L}$ $B$ $\mathcal{L}$ R-
$\square$
$B$ $(S, A,\omega, <)$ Hall
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2.7. $a\in A$ $\omega(C)=a$ $C\in \mathcal{B}$ $R$ $\mathcal{L}^{(\emptyset)}$




$a\leq 0$ $\mathcal{L}^{(a)}=0$ $p^{(a)}$ : $\mathcal{L}arrow \mathcal{L}^{(a)}$
$f\in \mathcal{L}$ $p^{(a)}(f)=f^{(a)}=0$ $f=$
$\sum f^{1^{a})}$ ( ) $f^{(a)}\neq 0$ $a\in A$ $f$
$a\in A$
( $\omega(0)=\infty$ )
2.8. (1) $a,$ $a’\in A\Rightarrow[\mathcal{L}^{(\emptyset)}, \mathcal{L}^{(a’)}]\subset \mathcal{L}^{(a+a’)}$
(2) $a\in A$ $f,g\in \mathcal{L}$
$p^{(a)}([f,g])= \sum_{a1+a_{2}=a}[p^{(a_{1})}(f),p^{(a_{2})}(g)]$
(3) $\omega(f)=a,$ $\omega(g)=a’$ $\omega([f, g])\geq a+a_{\text{ }}’$
$p^{(a+a’)}([f,g])=[p^{(a)}(f),p^{(a’)}(g)]$ $\square$
2.9. $\mathcal{L}\text{ }$ derivation $[D, D’]=DD’-D’D$ Lie $D$ $D$
(2.9.1) $D^{(a)}=\{D\in D|D(\mathcal{L}^{(a’)})\subset \mathcal{L}^{(a+a’)}(\forall a^{l}\in A)\}$
2.10. $D\in D$ – ( )
$D= \sum_{a\in A}D^{(a)}$
$(D^{(a)}\in D^{(\emptyset)})$
$f\in \mathcal{L}$ $a\in A$
$D^{(a)}(f)=0$ $D^{(a)}$ $f\in L^{(a’)}$
(2.10.1) $D^{(a)}(f)=p^{(a+a’)}(D(f))$
derivation
2.11. $D\in D$ $D^{(a)}\neq 0$ $a\in A$ ( ) $D$
$\omega(D)$
2.12. (1) $a,$ $a’\in A\Rightarrow[D^{(a\rangle}, D^{(a’)}]\subset D^{(a+a’)}$
$\overline{(2)}a\in A$ $D_{1},$ $D_{2}\in D$
$[D_{1}, D_{2}]^{(a)}= \sum_{a_{1}+a_{2}=a}[D_{1}^{(a_{1})}, D_{2}^{(a_{2})}]$
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(3) $\omega(D_{1})=a,\omega(D_{2})=a’$ $\omega([D_{1}, D_{2}])$ \geq a+a’
$[D_{1}, D_{2}]^{(a+a’)}=[D_{1}^{(a)}, D_{2}^{(a’)}]$
3. $C=E\backslash \{O\}$ DERIVATION
– 1 Galois $Gr\Pi$
derivation $D_{m}$ $\mathcal{L}$ $So=\{X, Y\}$
Lie $R$ $0$ $R=Z_{l}$
$\mathcal{L}$ $Gr\Pi$





3.12. $\omega_{0}$ . $A=Z^{\oplus 2}$ (





$\mathcal{L}^{\#}$ $Y$ 1 Lie $\omega_{0}$
(3.2.1)
$\mathcal{L}^{\#}=\bigoplus_{a\geq(0,1)}\mathcal{L}^{(a)}$
([MI S]Chap 5 \S 6, $[B]\S 2.9$ )
3.3. $\mathcal{L}^{\#}$ $S_{1}=\{V_{n}=(AdX)^{nY}|n=0,1,2, \cdots\}$
Lie $\square$
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3.4. 4 $m$ $\mathcal{L}$ derivation $D_{m}$ Lie




3.5. $m_{1},$ $\ldots m_{k}$ 4 $m_{k-1}\neq m_{k}$
$[D_{m_{1}}, [D_{m_{2}}, [\cdots[D_{m_{k-1}}, D_{m_{k}}]\cdots]]]\neq 0$ $\square$
3.6. $\mathcal{L}\#$ $\omega$
$S_{1}=\{V_{n}=(AdX)^{n}Y|n=0,1,2, \cdots\}$ $c\#$
$A=Z^{\oplus 4}(\text{ })$ $\omega$ : $C_{1}arrow A$
(3.6.1)
















(3.8.2) $D_{m}^{(1,1,0,0)}$ : $\{$
$V_{0},$ $V_{1},$ $V_{2}\mapsto 0$
$V_{i}\mapsto-[V_{1}, V_{m+i-2}]$ $(i\geq 3)$
(3.8.3) $D_{m}^{(1,1,1,0)}$ : $\{$
$V_{0},$ $V_{1},$ $V_{2}\mapsto 0$
$V_{i}--(i-1)[V_{2}, V_{m+i-3}]$ $(i\geq 3)$
derivation
3.9. $m_{1}\neq m_{2}$ $[D_{m_{1}}, D_{m_{2}}]$ \neq 0 $\omega([D_{m_{1}}, D_{m_{2}}])=(2,2,1,0)$
$[D_{m_{1}},D_{m_{2}}]^{(2,2,1,0)}$ : $\{$
$V_{0},$ $V_{1},$ $V_{2^{-}}0$
$|\text{ _{}i}^{r}\mapsto(m_{2}-m_{1})[V_{1}, [V_{2}, V_{m_{1}+m_{2}+i-5}]]\neq 0$ $(i\geq 3)$ $\square$
$\text{ ^{}\prime}f_{F}^{\ni}ffi^{\backslash }\# T\backslash \text{ }Bi^{f}\ovalbox{\tt\small REJECT} \text{ }$
3.10. $m_{k-1}\neq m_{k}$ $[D_{m_{1}} , [D_{m_{2}}, [[D_{m_{k-1}}, D_{m_{k}}]\cdots]]]\neq$ 0
$\text{ _{ }}\omega([D_{m_{1}}, [D_{m_{2}}, [\cdots[D_{m_{k-1}}, D_{m_{k}}]\cdots]]])=(k, k, 1,0)^{-}C_{\text{ }}$
$[D_{m_{1}}, [D_{m_{2}}, [. . . [D_{m_{k-1}}, D_{m_{k}}]\cdots]]]^{(k,k,1,0)}$
$=[D_{m_{1}}^{(1,1,0,0)}, [D_{m_{2}}^{(1,1,0,0)}, [. . . [D_{m_{k-1}}, D_{m_{k}}]^{(2,2,1,0)}\cdots]]]$
. $\{$5, $V_{1},$ $V_{2}\mapsto 0$
$V_{1}-(m_{k}-m_{k-1})[V_{1}, [(AdV_{1})^{k-2}V_{2}, V_{m_{1}+\cdots+m_{k}+i-2k-1}]]\neq 0$ $(i\geq 3)$ $\square$
$m$ $m$
3.11. $m_{1},$ $m_{2}$ 4 $D_{m_{1}},$ $D_{m_{2}}$ (19.1)
$\mathcal{L}$ $derivation_{\text{ }}D$ $D_{m_{1}},$ $D_{m_{2}}$ $D$ Lie $\mathcal{L}$
$\tilde{\omega}(3.1.1)$ $D$
$D= \bigoplus_{m\geq 1}D^{(m)}$ .







Galois ( monodromy )
( $[0]$ ) .
3
$g,$ $n$ $2-2g-n<0$ $\Lambda f_{g,n}$ $g$
$?$? $Q$ moduli stack $g$
$n$
(4.0.1) $\phi_{g,n}$ : $\pi_{1}(\Lambda l_{g,n})arrow\Gamma_{g,n}\subset Out\Pi_{g,n}$
$\Gamma_{g,n}$ filtration
(4.0.2) $Q=Q_{g,n}(0)\subset Q_{g,n}(1)\subset Q_{g,n}(2)\subset\cdots$
(4.0.3) $Q_{0,3}(\uparrow?z)\subset Q_{g,n}(m)\subseteq Q_{1,1}(nx)$ $(g\geq 0,$
$n\geq 1$ ,
$2-2g-n<0^{)}$
( $-$ - ( ) [NTU][N2] ) $P^{1}\backslash \{0,1, \infty\}$
1
$P^{1}\backslash \{0,1, \infty\}$ [M]
(
)- 1 $C$ $Q_{C}(m)$ $Q_{1,1}(\iota n)$
‘ $GL(2)$
$\text{ }$
$(4.0.3)$ $P^{1}\backslash \{0,1, \infty\}$
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